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Semiclassical wave functions are proposed for the coupled dynam-
ics of atomic quantum states and semiclassical radiation eld. All
relevant predictions of standard unitary quantum dynamics are ex-
actly reproducible in the framework of this stochastic wave function
model. It escapes Bell's general objection since it does not belong to
the objected class of stochastic models.

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Introduction. Since many years it has been understood that one can not
reproduce all statistical predictions of quantum theory from pure classical
statistics [1]. One can do it for certain predictions after all. Reduced dynam-
ics of quantum subsystems (i.e. eective dynamics of open quantum systems)
can always be interpreted as hybrids of quantum and classical mechanisms.
The corresponding semiclassical states are described by stochastic wave func-
tions (SWFs). Since ten years they have been attracting permanent interest
in research of foundations [2] and, since the 90's [3], in quantum optics, too.
Consider a system of atoms interacting with radiation eld. Basically,
all attainable results are approximations: SWFs have been derived in weak
coupling Markovian limit [4]. In the present work, however, we investigate
the exact unitary dynamics of the atom+radiation system and we ask the
following question. Can we describe the radiation eld in terms of classical
(stochastic) variables instead of quantum ones in such a manner that all rel-
evant predictions remain exactly identical with those of the unitary quantum
theory? The answer will be armative in almost all respects. Forthcoming
results were anticipated once [5] by detailed relativistic calculations. Here
we intend to give a short account on exact SWFs. Lengthy derivations will
be published elsewhere.
The quantum model. For simplicity's sake, we consider single mode (cav-
ity) quantum-electrodynamics. The Hamiltonian for the composite system





















is the atomic Hamiltonian, a^ is the absorption operator for the




operator proportional to charges and currents. Assume that at time t = 0














































J( ) and a^( ) = a^e
 i!
are in interaction picture. For later purposes,
we introduce the "rotated" current
^




Stochastic eld variables, semiclassical states and observables. The basic
eld variables a^; a^
y
do not commute: [a^; a^
y
] = 1. We shall, nevertheless,
establish a certain natural correspondence between them and their classi-
cal counterparts a; a





















O is arbitrary operator and a^
c
is called "superoperator". (Superopera-






















Ogg = 0; (6)
hence we shall make the natural correspondence, mentioned above, between
the classical complex variable a (or a








We describe the radiation eld in terms of the classical stochastic variables
a; a

coupled to the quantized atomic ones. The state of the quantum system
















which is expected to be density operator for the atom and phase space distri-
bution for the eld simultaneously. It should satisfy the positivity condition
^(a; a







) is the reduced











da is the reduced density operator ^
ato
of the atom.

































This includes a pretty large class of Hermitian operators.
The equivalence of the semiclassical picture with the full quantized one




























The positivity issue and its solution by smoothening. Let us consider




























)  0 might get violated.
We shall apply a minimum smoothening to the "sharp" distribution ^(a; a

)

























































































i.e. the statistics of smoothened quantum observables are still exactly repro-
ducible from the smoothened semiclassical state ^(a; a

).
One would worry because smoothened distributions are believed to loose
information. In typical quantum optics applications things prove not so bad
as long as one considers expectation values of polinoms of the absorption and
emission operators. Then the additional noise is easy to subtract. Let us
assume that we are interested in the expectation value of the photon number
operator a^
y








. Then, from Eq. (13), let


































































This is the simplest example to illustrate how exact quantum expectation
values are reproduced from the smoothened semiclassical state ^(a; a

).
Dynamic evolution of semiclassical states. From the quantum equations
(1-4), one can obtain a closed formal expression of the "sharp" semiclassical





































































































( ) are superoperators corresponding to the (rotated) atomic operator
^
j( ).
The subscripts +=  tell you whether
^




from the left/right. Furthermore, the time-ordering operator
T acts dierently on the above two types of superoperators: the left ones
(of subscript +) must be time-ordered while the right ones (of  ) must be
anti-time-ordered [7].
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However complex is the above expression we can obtain fundamental
lessons from it. For a moment, imagine that the very last term in the ex-
ponent were absent. Then the expression would largely reduce to a simpler




could be thrown over ^
ato
0
and collected in a separate
exponential to the right of it. Then all superoperators would be on proper
sides with respect to ^
ato
0
hence we would drop their "superindeces" += .














0 for t > 0. We conjecture that the positivity becomes violated indeed. It is
related to the complex entanglement with the atomic dynamics since, had we
replaced
^
j( ) by external classical currents j( ), everything would go well.





































































































































































depending on the classical eld-variable a






) for all a; a

and for t  0.
Stochastic wave function. Surprizingly, the semiclassical time-evolution
(19) transforms pure states into pure ones. This proves our former conjecture
that the positivity of "sharp" semiclassical densities (17) was violated indeed;
otherwise the smoothened evolution (19) could not preserve pure states. Let










with initial atomic wave function 
0
. According to Eq. (19), the smoothened








































) to the state (22), we


















One can thus summarize the SWF method. Assume the atomic state at
t = 0 is 
0
and switch on the interaction with the quantized vacuum. Then




) evolves in function of the
classical eld according to the Eq. (23) while the smoothened probability dis-
tribution of the classical eld variables a; a

is given by the Eq. (24). The ex-



















































The exact SWF (23) was introduced in Ref. [5] in context of the relativistic
quantum-electrodynamics. That time, however, the stochastic eld was not
identied as semiclassical radiation eld. A generalization of our SWF for
innite number of eld modes being initially in thermal equilibrium states
at nonzero temperature seems straightforward.
Bell inequalities. The reader might oppose our concept on the basis of Bell
inequalities [1] which object the reproducibility of quantum predictions from
(local) stochastic models. Our SWF corresponds to a local stochastic theory
for the smoothened radiation eld. As we mentioned, we do not in general
assume a statistical distribution for photon occupation numbers a
y
a but for
their smoothened values. Our construction does not assume the existence
of the "sharp" distribution function (a; a

) of the stochastic radiation eld.
That is the smoothened distribution (a; a

) which we claime to exist. It
reproduces the exact quantum expectation values of smoothened Hermitian
observables which is not objected by Bell's theorem. Let us recall that, in
most applications, sharp quantum expecation values can easily be calculated
from smoothened ones. Smoothened outcomes of quantum measurements on
Bell's singlet states do not violate Bell inequalities and thus do admit local
stochastic models.
Outlook. The main result of the present work is a suggestion that semi-
classical SWFs could exactly reproduce the quantum physics of both atomic
8
and radiation degrees of freedom. In our opinion, the very existence of ex-
act stochastic models is a novelty of fundamental interest. Key elements of
equivalence with unitary quantum theory are symmetrized products (5) of
non-commuting operators and a minimum smoothening of states (12) and
observables (13). Exploration of the corresponding exact stochastic wave
equation is under way. A most desirable re-derivation of Markovian stochas-
tic wave equations [4] for both atomic and radiation degrees of freedom will
become possible.
This work was supported by the grants OTKA No. 1822/1991 and
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da. Hints of super-
operator technique can be learnt from, e.g., Ref. [5]. Detailed proof will
be published elsewhere.
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